A mathematical proof of a theorem concerning the flux density of particles at any point interior to a simple closed convex surface in which the surface emits such particles uniformly and isotropically is presented. The relationship of this theorem, which is of rather general validity, to related observations of other workers is discussed. The ramifications of the theorem are considered with particular attention devoted to conditions commonly found at particle accelerators. It is concluded that results of this theorem are directly applicable to efforts to apply the principle of maintaining dose equivalents received by personnel as low as reasonably achievable (ALARA).*
INTRODUCTION
The calculation of radiation fields in the vicinity of a number of solids or surfaces containing radioactive materials has been a subject of many treatises. Such efforts generally have emphasized the calculation of radiation fields due to photon-emitting radionuclides that have resulted from contamination or activation processes. Photon-emitters are popular subjects of such calculations due to the fact that photons, compared with other radiations (i.e., p-and aparticles), are relatively more penetrating and are also not subject to Coulomb scattering processes. Neutrons are seldom considered in such calculations since they are not usually emitted in radioactive decay and their interactions with matter are much more complex. The concentrations of the radionuclides in the solids are taken to be either uniform or welldescribed by simple analytical formulae. Examples of such calculations have been presented by Jaeger et al. (1968) and Chilton et al. (1984) .
It is clear that such calculations, when performed for situations involving source geometries other than "points" or "infinite lines", can become very difficult due to integrations performed over complicated geometries. Also, most of the calculations reported in the literature are done for points external to the solid containing the radioactivity. This is a natural result of the concern for understanding the spatial dependence of the radiation field in the vicinity of such objects in order to better plan activities such as maintenance operations. In contrast, very few calculations exist which address the flux density of particles or the radiation fields inside cavities within such objects.
At particle accelerators, components of the machines and experimental equipment are typically located within enclosures. When accelerated particles that have kinetic energies in excess of a few MeV are present, radioactivity is induced in these components primarily due to the interaction of neutrons, produced by beam interaction with material, of a variety of energies ranging from the beam energy down to thermal energies. Moreover, the activation due to these neutrons is not confined to the components but includes the enclosure walls as well. One needs to understand the activation of the components relative to that of the walls in order to understand the total dose equivalent rate within the room. Armstrong and Barish (1969) studied this topic for the specific case of the interior of a cylinder concentric with a smaller cylinder of iron. The outer cylinder is representative of the walls of an accelerator enclosure while the inner one is representative of accelerator components such as bending magnets. They demonstrated that if the enclosure walls comprising the outer cylinder is uniformly activated, the photon dose equivalent rate due to the activated walls is a constant independent of position within the cylinder and identically equal to the dose equivalent rate at any point on the wall surface. Their derivation was specific to the interior of a cylindrical enclosure of finite radius but of infinite length. In this paper a proof of a general theorem which confirms this specific result is offered and its ramifications are discussed.
THE THEOREM
Consider a simple closed convex surface which emits an isotropic flux density of particles, Q. (e.g., m-%-l) that is constant over the inner face of the surface so that the emission from a unit of surface area into any given direction is @o /4n: sr -1. Such surfaces are defined precisely in mathematics (e.g., Buck, 1965 or James and James, 1969) . Here "simple" means that any closed curve within the volume enclosed by the surface can be shrunk to a point while remaining within the volume. Thus, for example, the surface of a donut is not such a surface. "Closed" means that it has no "holes" while "convex" implies that all pairs of points within the space bounded by the surface can be connected by line segments that lie completely within that space. Fig. 1 illustrates an example of such a surface that includes the origin of coordinates and thus defines a cavity. The surface could be the inner boundary of an activated or contaminated solid or a thin surface that is, itself, activated or contaminated. It is desired to calculate the flux density, @, at some arbitrary point in space, P, located within the cavity bounded by the surface. P is located at radius vector G. Consider the contributions from the particle flux density emitted by some elemental area d;i of the surface to the quantity $ at P. The vector 6 is defined, as is customary, normal (i.e., perpendicular) and outward to the surface at an arbitrary location on the surface defined by radius vector 2. The increment of flux density at point P due to elemental area 6 is given by:
where the unit vector n^ is along the vector 2 -r and is given by -? + n^= r -r I
I. i? -;:
(1) (2) The scalar product in the numerator of eqn (1) is positive-definite due to the fact that the surface is convex. The solid angle dC2 subtended at P by element of surface area dX is Thus, by inspection,
(5)
This proof is physically valid if particles originating from an elemental area of the surface are not scattered back toward point P from some other point on the surface, since the latter effect was not considered in the above derivation. Thus, one can state the following theorem:
The flux density of particles at any point interior to a simple closed convex surface in which the surface emits such particles uniformly and isotropically is equal to the flux density of such particles at the surface, provided the scattering of the particles by the surface can be neg1ected.P
The present theorem is similar to, but not identical with the following theorem proven by Barbier (1969) as a part of his discussion of photon dose equivalent rates in the vicinity of objects of various shapes:
"The radiation field inside a cavity imbedded in an infinite volume of radioactive material of uniform activity is independent of the form of the cavity and constant from point to point therein".
The method of derivation of the present theorem differs from that of Barbier but leads to equivalent results. It essentially starts with a uniformly radioactive surface rather than a uniformly radioactive volume of material surrounding a cavity. The present theorem also clearly covers the case where the induced activity is "buried" in the wall. It merely requires that the flux density at the surface be uniform.
There is a subtlety associated with the integration of flux density, an inherently scalar quantity. Fig. 2 shows an example of cavity bounded by a more convoluted simple closed surface of uniform and isotropic activation or contamination that is demonstrably not everywhere convex. Consider an element of solid angle dC2 shown in Fig walls. This residual radioactivity may be produced through the interactions of the direct charged-particle beam. However, a large portion of the activation is due to the copious production of "fast" neutrons (i.e., neutrons with kinetic energies exceeding one MeV) by the direct beam. Such neutrons then interact in the components and enclosure walls to also produce residual radioactivity. For photons of energies usually emitted by such activated materials, the albedo is generally small, typically less than five per cent and often less than one per cent (Chilton et. al. 1984 , NCRP, 1977 . Thus the lack of significant scattering is evident and this condition of the theorem is approximately valid.
Furthermore, the accelerator components are nearly always housed in an enclosure comprised of concrete or earth. Most of these enclosures are well approximated by simple closed convex surfaces. This can include long tunnels if they can be considered to be "infinite". Thus another condition of the theorem is commonly approximately met. Likewise, the "convoluted" condition illustrated in Fig. 2 is generally not a problem for accelerator enclosures since "turns" or "bends" in the walls generally involves the presence of intervening material that provides significant attenuation of photons.
Earth or concrete are hydrogenous because of their water content and are thus clearly capable of "thermalizing" the fast neutrons. Such thermal neutrons essentially fill a localized portion of the interior volume of enclosure near a point of beam interaction as a "gas" with an approximately uniform flux density. They thus irradiate the enclosure walls with approximate uniformity over a localized region. The phenomena has been described by Patterson and Thomas (1973) . More recently, Ishikawa, et al. (1991) have conducted measurements of the dependence of thermal neutron flux density upon the energy of the neutrons present and upon the location within a concrete room at an accelerator. Their conclusion was that at distances from targets exceeding approximately four meters, the normalized flux density of thermal neutrons is approximately independent of location. A similar result was verified experimentally in a different measurement by Kimura, et al. (1994) . Thus, thermal neutrons in an accelerator enclosure provide a possible mechanism for creating conditions of approximate uniform activation of the walls through the thermal neutron capture process.
It has long been known that natural sodium, which is monoisotopic (23Na), present as a "trace element" in concrete, can be the origin of an important source of occupational dose equivalent because of the large (0th = 0.54 X 1O-24 cm2) cross section for the 23Na(n,y)24Na thermal neutron capture reaction (Seelmann-Eggebert et al. 198 1). This reaction is particulady important to residual dose equivalent rates because of the rather high energies of the two 'y-rays, 2.75 and 1.37 MeV, that are emitted in 100 and 99.9 per cent, respectively, of the subsequent decays (Browne et al. 1986 ). Furthermore, the 14.96 hour half-life of 24Na 1) renders this radionuclide important at accelerators during maintenance operations which must be done promptly (i.e., within a day or so) following cessation of beam operations in order to minimize the length of accelerator shutdowns. This reaction provides a process in which the thermal neutrons can readily produce significant levels of residual radioactivity in a typical accelerator enclosure.
At relatively low kinetic energies, say less E c 50 MeV, many of the nuclear reactions that are energetically possible have angular distributions that are relatively isotropic. These can result in the production of radionuclides having spatial distributions that may approximate the uniformity condition of the theorem. At higher energies other processes such as spallation reactions which are decidely forward-peaked and hence anisotropic (see, for example, Barbier, 1969) become important in producing the induced radioactivity and will thus produce distributions of radionuclides that may not meet this uniformity condition. Likewise, walls containing extremely low concentrations of sodium may lead to a situation where the conditions of the theorem are not well-matched due to the minimization of the production of 24Na and consequent reduction in sensitivity to the thermal neutrons. However, at the higher energies, the production of secondary particles in a hadronic cascade, can, in some situations, "smear out" the distribution of radionuclide production in ways that for a localized region may approximately meet the uniform activation condition. Thus the theorem can still be of interest qualitatively at the higher energies. Armstrong and Barish (1969) , in an effort to study the particular problem of 24Na production, have calculated residual dose rates inside a cylindrical accelerator tunnel of infinite length due to both the magnets and the concrete walls for 3 GeV protons incident on an iron target which simulates beam comp0nents.t It was concluded by Armstrong and Barish that even for concrete containing only one per cent sodium by weight, the dose equivalent rate at the surface of the tunnel wall, for an infinitely long irradiation, is dominated by the dose equivalent due to the radioactivity in the wall rather than from that due to the radioactivity in the iron target for a period of approximately 30 hours after cessation of beam.
This theorem, even if its conditions are met only in an approximate way, has important consequences with respect to two of the three time-honored principles of keeping radiation dose equivalents as low as reasonably achievable (ALARA). These principles are: the minimization of the time of exposure, the maximization of the distance of the exposed individual from the source, and the employment of appropriate shielding. Under conditions where the theorem is valid, maximizing the distance from the accelerator components to the work location does not reduce the dose equivalent because the latter is not a function of position within the enclosure. Likewise, removal of the accelerator components or shielding them does not lead to the anticipated reduction in dose equivalent rates within the enclosure because of the dominance of the dose equivalent due to the photons emitted by the wall.
Knowledge of the phenomenon expressed by the theorem may well lead one to delay work (e.g., maintenance or repair activities) in locations where the conditions of the theorem are
likely to approximately met in order to provide for sufficient time for the 24Na to decay. After most of the z4Na has decayed, shielding the accelerator components and/or maximizing the distance between them and the work location will, in conjunction with the minimization of the time of exposure, then be effective in controlling exposures.
CONCLUSION
A theorem has been proven in a general manner which states that: "The flux density of particles at any point interior to a simple closed convex surface in which the surface emits such particles uniformly and isotropically is equal to the flux density of such particles at the surface, provided the scattering of the particles by the surface can be neglected". Under conditions often found in practical circumstances, the theorem is approximately valid. The theorem has significant ramifications for conditions commonly found at particle accelerators that are directly applicable to efforts to apply the principle of maintaining dose equivalents received by personnel as low as reasonably achievable (ALARA). These are:
1) that the shielding of accelerators components may not under some circumstances effectively limit dose equivalents to maintenance personnel, and,
2) that increasing the distance of such workers from accelerator components may not significantly limit the dose equivalent received.
In fact, the radioactivity of the walls of the enclosure itself may, under some conditions, dominate the planning of maintenance work in accelerator enclosures. Even in circumstances where the theorem is not strictly valid, the concept is important in that it leads one to not neglect the importance of the activation of enclosure walls at accelerators relative to the activation of the beam components.
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5 The argument can be intuitively understood as follows. When one looks at an infinite surface within a cone of fixed angular aperture, the apparent brightness of such a surface emitting a uniform flux density is independent of the distance from the observer to the surface because the decrease in intensity due to the inverse square geometry as one moves away from the surface is exactly balanced by the increase in area viewed. This is a fact well know to astronomers, photographers, and artists.
4[ As readers will recognize, the mathematics involved in this derivation is similar to that found in connection with the Gauss Law of electrostatics. The principal difference is that the Gauss Law is concerned with the integral over the surface is of a vector quantity, the electric field. Negative values of the scalar product in the equivalent to eqn (1) are thus allowed.
Because of this fact, the Gauss Law is valid for all simple closed volumes, even ones that are not convex as is shown, for example, by Konopinski (198 1) .
7 These authors have included in their analysis some other reactions such as spallation along with thermal neutron capture which are capable of producing 24Na. 
